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THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF IN THE
WHOLE SPACE: II, GLOBAL EXISTENCE FOR HARD POTENTIAL
R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG
Abstract. As a continuation of our series works on the Boltzmann equation without angu-
lar cutoff assumption, in this part, the global existence of solution to the Cauchy problem
in the whole space is proved in some suitable weighted Sobolev spaces for hard potential
when the solution is a small perturbation of a global equilibrium.
1. Introduction
This paper is among the series works on the Boltzmann equation with non-angular cutoff
cross-section and it follows the paper [7] (herein referred as Part I), extending our initial
work [5, 6] on the same problem for Maxwellian molecule. Consider
(1.1) ft + v · ∇x f = Q( f , f ) , f |t=0 = f0.
Recall that the right hand side of (1.1) is the Boltzmann bilinear collision operator, which
is given in the classical σ−representation by
Q(g, f ) =
∫
R3
∫
S2
B (v − v∗, σ) {g′∗ f ′ − g∗ f } dσdv∗ ,
where f ′∗ = f (t, x, v′∗), f ′ = f (t, x, v′), f∗ = f (t, x, v∗), f = f (t, x, v), and for σ ∈ S2,
v′ =
v + v∗
2
+
|v − v∗|
2
σ, v′∗ =
v + v∗
2
− |v − v∗|
2
σ.
As in our previous papers, we assume that the cross-section takes the form
(1.2) B(v − v∗, cos θ) = Φ(|v − v∗|)b(cos θ), cos θ = v − v∗|v − v∗| · σ , 0 ≤ θ ≤
π
2
,
in which it contains a kinetic factor given by
Φ(|v − v∗|) = Φγ(|v − v∗|) = |v − v∗|γ,
and a factor related to the collision angle with singularity,
b(cos θ) ≈ Kθ−2−2s when θ → 0+,
for some constant K > 0 and a parameter 0 < s < 1. Notice that this includes the potential
of inverse power law as a special example.
And the setting of the problem is for perturbation of an equilibrium state, without loss
of generality, that can be normalized as
µ(v) = (2π)− 32 e− |v|
2
2 .
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In order to avoid the unnecessary repetition, readers can refer to Part I, comments and
references. Here, we just refer the references [9, 10, 11, 17, 18, 19] for the general back-
ground of the Boltzmann equation and the recent progress on the mathematical theories for
the case without angular cutoff, [1, 2, 3, 4, 5, 6, 7, 8, 14, 15, 16]. Hence, we now directly
go to the Cauchy problem for the perturbation denoted by g = µ− 12 ( f − µ)
(1.3)
{
gt + v · ∇xg +Lg = Γ(g, g), t > 0 ,
g|t=0 = g0.
In the following discussion, we will show that this equation can be solved in some weighted
Sobolev spaces defined by: for k, ℓ ∈ R, set
Hkℓ (R6x,v) =
{
f ∈ S′(R6x,v) ; Wℓ f ∈ Hk(R6x,v)
}
,
where R6x,v = R3x × R3v and Wℓ(v) = 〈v〉ℓ = (1 + |v|2)ℓ/2 is the weight with respect to the
velocity variable v ∈ R3.
Note that in Part I, we introduced a new norm for the description of the dissipation and
coercivity of the linearized collisional operator. Some properties of this norm together with
some estimations on the upper bounds for the nonlinear collision operator were also given
there. And we studied the Cauchy problem for the soft potential case, that is, the case when
γ + 2s ≤ 0 (recall that this terminology is an extension of the cutoff case, which loosely
speaking corresponds to the case when s = 0).
Along this direction, this paper is for the hard potential case, that is, when γ + 2s > 0.
Note that in particular this includes the case of the Maxwellian molecule. But this latter
case was already considered in [5, 6].
The main result of this paper can be stated as follows.
Theorem 1.1. Assume that the cross-section satisfies (1.2) with 0 < s < 1 and γ + 2s > 0.
Let g0 ∈ Hkℓ (R6) for some k ≥ 6, ℓ > 3/2 + 2s + γ. There exists ε0 > 0, such that
if ‖g0‖Hk
ℓ
(R6) ≤ ε0, then the Cauchy problem (1.3) admits a global solution
g ∈ L∞([0,+∞[ ; Hkℓ (R6)).
Remark 1.2. The uniqueness of the solution obtained in Theorem 1.1 will be proved in
[8] in the general setting, together with the non-negativity of f = µ + µ 12 g. Recently, a
similar global existence result for the inverse power law was proved in [14, 15] by using
different method in the setting of torus. The method used here is simpler by using the
newly introduced non-isotropic norm which essentially captures the coercivity property of
the linearized operator. Note that this method can be applied to the Landau equation that
leads to the same global existence result obtained in [12]. Therefore, it is expected that this
method can also be used for other kinetic equations.
The rest of the paper will be organized as follows. In Section 2, we recall some ba-
sic lower and upper bound estimates on both the linearized and nonlinear operators from
Parts I. With these estimates and some others valid for hard potential, the local and global
existences will be proved in Sections 3 and 4, respectively.
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2. Functional estimates of collision operators
First of all, let us recall the non-isotropic norm introduced in Part I associated with L.
Corresponding to the cross-section Φ(|v − v∗|)b(cos θ), it is defined by
|||g|||2
Φγ
=
$
Φ(|v − v∗|)b(cos θ)µ∗ (g′ − g )2
+
$
Φ(|v − v∗|)b(cos θ)g2∗
( √
µ′ − √µ )2 ,
where the integration is overR3v×R3v∗ ×S S 2σ. Without any ambiguity, sometimes we simply
use ‖| · ‖| for ‖| · ‖|Φγ .
This norm was shown to be useful for the study on the soft potential. And here, we will
show that it works well for the study on the hard potential. In the later discussion, we need
the following propositions proved in the previous two parts in this series.
Proposition 2.1. (Prop. 2.1, [7]) Assume that the cross-section satisfies (1.2) with 0 < s <
1 and γ > −3. Then for g ∈ N⊥
|||g|||2
Φγ
.
(
Lg, g
)
L2(R3v )
≤ 2
(
L1g, g
)
L2(R3v )
. |||g|||2
Φγ
,
where N is the null space of L defined in Part I.
Proposition 2.2. (Prop. 2.2, [7]) Assume that the cross-section satisfies (1.2) with 0 < s <
1 and γ > −3. Then
‖g‖2H sγ
2
(R3v ) + ‖g‖
2
L2
s+
γ
2
(R3v ) . |||g|||
2
Φγ
. ‖g‖2H s
s+
γ
2
(R3v ) .
Proposition 2.3. (Theorem 1.2, [7]) Assume that 0 < s < 1, γ + 2s > 0. Then∣∣∣(Γ( f , g), h)L2(R3)∣∣∣ .
{
‖ f ‖L2
s+γ/2
|||g|||Φγ + ‖g‖L2
s+γ/2
||| f |||Φγ
}
|||h|||Φγ .
Note that the above estimate on the nonlinear collision operator is not enough for the
proof of global existence because of the weight in L2
s+γ/2. For this, we need to combine this
with the following proposition. For the proof of the following proposition, we first recall
an upper bound estimate for a modified kernel ˜Φγ(z) = (1+ |z|2)γ/2, cf. Theorem 2.1 in [4].
That is, for any 0 < s < 1, γ ∈ R and any m, α ∈ R, we have
(2.1) ‖Q
˜Φγ
( f , g)‖Hmα (R3v ) . ‖ f ‖L1α++(γ+2s)+ (R3v )‖g‖Hm+2s(α+γ+2s)+ (R3v ) .
Proposition 2.4. Let 0 < s < 1, γ + 2s > 0. Then∣∣∣∣(Γ( f , g), h)
∣∣∣∣ . |||h|||Φγ{|| f ||L23/2+2s+γ+ǫ ||g||Hmax{2s,1}s+γ/2 + ||| f |||Φγ‖g‖L∞
}
.
Proof. As in Part I, we apply the decomposition on the kinetic factor in the cross-section:
Let 0 ≤ φ(z) ≤ 1 be a smooth radial function with 1 for z close to 0, and 0 for large value
of z. Set
Φγ(z) = Φγ(z)φ(z) + Φγ(z)(1 − φ(z)) = Φc(z) + Φc¯(z).
We denote by Γc(·, ·), Γc¯(·, ·) the collision operators with the kinetic factors in the cross-
section given by Φc and Φc¯ respectively. Note that(
Γ( f , g), h
)
=
(
Γc( f , g), h
)
+
(
Γc¯( f , g), h
)
.
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Note that (
Γc¯( f , g), h
)
L2(R3v )
=
(
Qc¯(√µ f , g), h
)
L2(R3v )
+
$
Φc¯(|v − v∗|)b(cos θ)
(√
µ∗ −
√
µ′∗
)
f ′∗g′hdv∗dσdv .
Since Φc¯ . ˜Φγ, as shown in the Proposition 3.5 of [5], we use (2.1) with m = 0, α =
−s − γ/2 to have
∣∣∣∣∣
(
Qc¯(√µ f , g), h
)
L2(R3v )
∣∣∣∣∣ . ‖h‖L2s+γ/2(R3)‖ √µ f ‖L12s+γ (R3v )‖g‖H2ss+γ/2(R3v )
. ‖ f ‖L2 (R3)||g||H2s
s+γ/2(R3)||h||L2s+γ/2(R3).
On the other hand, we can write
$
Φc¯(|v − v∗|)b(cos θ)
(√
µ∗ −
√
µ′∗
)
f ′∗ g′hdv∗dσdv
=
$
Φc¯(|v − v∗|)b(cos θ)
(√
µ∗ −
√
µ′∗
)
f ′∗ g′
(
h − h′
)
dv∗dσdv
+
$
Φc¯(|v − v∗|)b(cos θ)
(√
µ∗ −
√
µ′∗
)
f ′∗ g′h′dv∗dσdv
= D1 + D2 .
By the Cauchy-Schwarz inequality, one has
|D1| ≤
($
Φc¯(|v − v∗|)b(cos θ)| f ′∗ |2|g′|2
(
(µ∗)1/4 − (µ′∗)1/4
)2
dv∗dσdv
)1/2
×
($
Φc¯(|v − v∗|)b(cos θ)
(
µ1/4∗ + (µ′∗)1/4
)2(h − h′)2dv∗dσdv
)1/2
.
As Lemma 2.6 in [7], for γ + 2s > 0, we have
$
Φc¯(|v − v∗|)b(cos θ)| f ′∗ |2|g′|2
(
(µ∗)1/4 − (µ′∗)1/4
)2
dv∗dσdv
.
"
|v − v∗|γ+2s| f∗|2|g|2dv∗dv
.
"
| f∗|2|g|2〈v〉2s+γ 〈v∗〉2s+γdv∗ddv
. || f ||2L2
s+γ/2(R3)
||g||2L2
s+γ/2(R3)
,
and $
Φc¯b(cos θ)
(
µ1/4∗ + (µ′∗)1/4
)2(h − h′)2dv∗dσdv
≤ 4
$
Φc¯b(cos θ)µ1/2∗ (h − h′)2dv∗dσdv . |||h|||2Φγ .
Therefore, we obtain
|D1| . || f ||L2
s+γ/2(R3)||g||H2ss+γ/2(R3)|||h|||Φγ .
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For the term D2, we have by using the symmetry in the integral to have∣∣∣∣∣
$
Φc¯b(cos θ)
(√
µ∗ −
√
µ′∗
)
f ′∗ g′h′dv∗dσdv
∣∣∣∣∣
=
∣∣∣∣∣
$
Φc¯b(cos θ)
(√
µ′∗ −
√
µ∗
)
f∗ ghdv∗dσdv
∣∣∣∣∣
.
∫
R
6
v,v∗
| f∗| |g| |h|〈v〉2s+γ〈v∗〉2s+γdv∗ddv
. ‖ f ‖L12s+γ (R3)‖ g‖L2s+γ/2(R3)‖h‖L2s+γ/2(R3)
. ‖ f ‖L23/2+2s+γ+ǫ (R3)‖g‖L2s+γ/2(R3)‖h‖L2s+γ/2(R3).
Hence
|D2| . || f ||L23/2+2s+γ+ǫ (R3)‖g‖L2s+γ/2(R3)‖h‖L2s+γ/2(R3).
Therefore, it follows that∣∣∣∣(Γc¯( f , g), h)L2(R3)
∣∣∣∣ . || f ||L23/2+2s+γ+ǫ (R3) ||g||H2ss+γ/2 |||h|||Φγ .
Next, similar to the arguments used in Part II, we have∣∣∣∣(Γc( f , g), , h)
∣∣∣∣ . (
$
bΦcµ1/2∗
(
f ′∗g′ − f∗ g
)2
dσdvdv∗
)1/2 |||h|||Φc
=A1/2 |||h|||Φc .
Since
Φc ≤ Φγ,
we have |||h|||Φc ≤ |||h|||Φγ , and
A .
{
||| f |||2
Φγ
‖g‖2L∞ + ‖ f ‖2L2 ‖g‖2Hmax(−γ/2,1)
}
.
Then, for γ > −2s > −2, we have −γ/2 < 1 and∣∣∣∣(Γc( f , g), h)L2(R3)
∣∣∣∣ . {||| f |||Φγ‖g‖L∞ + ‖ f ‖L2 ‖g‖H1} |||h|||Φγ .
And this completes the proof of the proposition. 
In the following, we also need the following estimate on the commutator of the weight
function Wℓ and the nonlinear collisional operator Γ( ·, · ) that follows from Proposition
2.17 in [7].
Proposition 2.5. Assume that 0 < s < 1 and γ + 2s > 0. Then, for any ℓ ≥ 0, one has∣∣∣∣(WℓΓ( f , g) − Γ( f ,Wℓg), h)L2(R3v )
∣∣∣∣ . {|| f ||L2
s+γ/2
||g||L2
ℓ+γ/2
+ ||g||L2
s+γ/2
|| f ||L2
ℓ+γ/2
}
|||h|||Φγ .
3. Local existence
First of all, the Leibniz formula gives
∂βΓ( f , g) =
∑
β1+β2+β3=β
Cβ1,β2,β3T (∂β1 f , ∂β2g, µβ3 ) ,
with
T (F, G, µβ3 ) = Q(µβ3 F, G) +
"
Φ(|v − v∗|)b(cos θ)
(
(µβ3)∗ − (µβ3 )′∗
)
F′∗G′dv∗dσ ,
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where µβ3 = pβ3 (v)
√
µ(v) = ∂β3(√µ ) is a Maxwellian type function of the variable v in the
sense that it is a product of a polynomial and a Gaussian. As noted in the previous parts in
this series, one can check that T (F, G, µβ3 ) enjoys the same properties as Γ(F, G) stated
above. Therefore, we will apply those estimates obtained for Γ(F, G) to T (F, G, µβ3 ).
Define the norm associated with the collision operator in the variables (x, v) by setting
for m ∈ N, ℓ ∈ R,
Bmℓ (R6x,v) =
g ∈ S′(R6x,v); ||g||2Bmℓ (R6) =
∑
|β|≤m
∫
R
3
x
|||Wℓ ∂βx,vg(x, · )|||2Φγdx < +∞
 .
First of all, recall
Lemma 3.1. (Lemma 4.1, [7]) For any ℓ ≥ 0, α, β ∈ N3,
||Wℓ∂αx∂βv Pg||B00(R6) + ||P(Wℓ∂
α
x∂
β
v g)||B00(R6) ≤ Cℓ,β||∂
α
xg||2L2(R6),
C0||g||2B00(R6) −C1||g||
2
L2(R6) ≤
(
Lg, g
)
L2(R6) . |||g|||
2
B00(R6)
,
where C0 and C1 are some positive constants, and
||g||2L2
l+s+ γ2
(R6) + ||g||2L2(R3x;H sl+ γ2 (R
3
v )) . ||g||
2
B0l (R6)
. ||g||2L2(R3x;H sl+s+ γ2 (R
3
v )).
Here P is the projection to the null space N .
We are now ready to prove the following estimate.
Proposition 3.2. Let γ + 2s > 0, N ≥ 6, ℓ > 3/2 + 2s + γ. Then, for any β ∈ N6, |β| ≤ N,∣∣∣∣(Wℓ∂βx,vΓ( f , g ), h)L2(R6)
∣∣∣∣ . {|| f ||HN
ℓ
(R6) ||g||BN
ℓ
(R6) + || f ||BN
ℓ
(R6) ||g||HN
ℓ
(R6)
}
||h||B00(R6).
Proof. By using the Leibniz formula, we have(
Wℓ∂βΓ( f , g), h
)
L2(R6) =
∑
β1+β2+β3=β
Cβ1,β2,β3
{(
T (∂β1 f , Wℓ ∂β2g, µβ3 ), h
)
+
(
Wℓ T (∂β1 f , ∂β2g, µβ3 ) − T (∂β1 f , Wℓ ∂β2g, µβ3 ), h
)}
.
If |β1| ≤ N − 3, we get from Proposition 2.3 that∣∣∣∣(T (∂β1 f , Wℓ∂β2g, µβ3 ), h)L2(R6)
∣∣∣∣
.
(∫
R
3
x
(
‖∂β1 f ‖2L2
γ/2+s(R3v )
|||Wℓ∂β2g|||2Φγ + ‖∂β1 f ||2Φγ‖Wℓ ∂β2g||2L2
s+γ/2(R3v )
)
dx
)1/2
||h||B00(R6)
.
(
‖∂β1 f ‖2L∞ (R3x; L2γ/2+s(R3v ))||Wℓ ∂
β2g||2B00(R6) + ||∂
β1 f ||2L∞(R3x; H sγ+2s(R3v ))||Wℓ∂
β2g||2L2
s+γ/2(R6)
)1/2||h||B00(R6)
. ‖ f ‖HN
γ+2s(R6)|||g|||BNℓ (R6)||h||B00(R6).
On the other hand, if |β1| > N − 3, then |β2| ≤ 2 ≤ N − 4. In this case, Proposition 2.4
implies,∣∣∣∣(T (∂β1 f , Wℓ ∂β2 g, µβ3 ), h)L2(R6)
∣∣∣∣
. ||h||B00(R6)
(
‖ f ‖H |β1 |3/2+2s+γ+ǫ (R6)||Wℓ ∂
β2g||L∞(R3x ; Hmax{2s,1}s+γ/2 (R3v )) + ‖Wℓ ∂
β2g‖L∞(R6)||∂β1 f ||B00
)
.
(
‖ f ‖HN3/2+2s+γ+ǫ (R6) ||Wℓ ∂
β2g||Hmax{2s,1}+3/2+ǫ
s+γ/2 (R6) + ‖ f ‖B|β1 |0 ||Wℓ ∂
β2g||H3+ǫ (R6)
)
||h||B00(R6)
.
(
‖ f ‖HN
ℓ
(R6) ||g||BN
ℓ
+ ‖ f ‖B|β1 |0 ||g||HNℓ (R6)
)
||h||B00(R6) .
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Finally, Proposition 2.5 yields∣∣∣∣(Wℓ T (∂β1 f , ∂β2g, µβ3 ) − T (∂β1 f , Wℓ ∂β2g, µβ3 ), h)L2(R6)
∣∣∣∣
.
(
‖ f ‖HN
ℓ
(R6) ||g||BN
ℓ
+ ‖ f ‖BN
ℓ
||g||HN
ℓ
(R6)
)
||h||B00(R6) .
The combination of the above estimates completes the proof of the proposition. 
For the linear operator L2, Proposition 4.5 of [7] and the commutator estimate give
Proposition 3.3. We have for any β ∈ N6,∣∣∣∣(Wℓ∂βx,vL2( f ), h)L2(R6)
∣∣∣∣ ≤ Cℓ, |β||| f ||H |β |
ℓ
(R6) ||µ1/10
4 h||L2(R6) .
By using the interpolation inequalities
‖g‖HN
ℓ+γ/2
≤ ǫ‖g‖HN
ℓ+γ/2+s
+Cǫ‖g‖HN
ℓ
,
for any small constant ǫ, the following proposition follows from the same argument given
in Proposition 4.8 of [7].
Proposition 3.4. Let γ + 2s > 0, β ∈ N6, |β| > 0, ℓ ≥ 0. Then∣∣∣∣(L1(Wℓ ∂βx,vg) − Wℓ ∂βx,vL1(g), h)L2(R6)
∣∣∣∣
.
(
||g||H |β|
ℓ
(R6) + ||g||B|β|−1
ℓ
(R6)
)
||h||B00(R6) ,
and for any ǫ > 0 there exists a constant Cǫ > 0 such that∣∣∣∣(L1(Wℓ g) − Wℓ L1(g), h)L2(R6)
∣∣∣∣ . ||g||L2
ℓ+γ/2(R6) ||h||B00(R6)
≤
{
ǫ||g||L2
ℓ+γ/2+s(R6) + Cǫ ||g||L2ℓ (R6)
}
||h||B00(R6)
≤
{
ǫ||g||B0
ℓ
(R6) +Cǫ ||g||L2
ℓ
(R6)
}
||h||B00(R6) .
We are now ready to show the local existence of solutions in some weighted Sobolev
spaces. Consider the following Cauchy problem for a linear Boltzmann equation with a
given function f ,
(3.1) ∂tg + v · ∇xg +L1g = Γ( f , g) − L2 f , g|t=0 = g0 ,
which is equivalent to the problem:
∂tG + v · ∇xG = Q(F, G), G|t=0 = G0,
with F = µ + √µ f and G = µ + √µ g.
We shall now study the energy estimates on (3.1) in the function space HN
ℓ
(R6) for a
smooth function g. For N ≥ 6, ℓ > 3/2 + 2s + γ and β ∈ N6, |β| ≤ N, taking
ϕ(t, x, v) = (−1)|β|∂βx,vW2ℓ∂βx,vg(t, x, v),
as a test function on R3x × R3v , we get
1
2
d
dt ‖∂
β g‖2L2
ℓ
(R6) +
(
Wℓ
[
∂β, v
]
· ∇xg, Wℓ∂βg
)
L2(R6) +
(
Wℓ∂βL1(g), Wℓ∂βg
)
L2(R6)
=
(
Wℓ∂βΓ( f , g), Wℓ∂βg
)
L2(R6) −
(
∂βL2( f ), W2ℓ∂βg
)
L2(R6),
where we have used the fact that(
v · ∇x
(
Wℓ∂β g
)
, Wℓ∂βg
)
L2(R6) = 0 .
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Applying now Propositions 3.2, 3.3 and 3.4, we get for N ≥ 6, ℓ > 3/2+2s+γ and |β| ≤ N,
1
2
d
dt ‖∂
β g‖2L2
ℓ
(R6) +
(
L1
(
Wℓ ∂βx,vg
)
, Wℓ ∂βx,vg
)
L2(R6)
.
{
‖ f ‖HN
ℓ
(R6) ||g||2BN
ℓ
(R6) + ‖ f ‖BNℓ (R6) ‖g‖HNℓ (R6)||g||BNℓ (R6)
+ ‖g‖2HN
ℓ
(R6) + ‖ f ‖2HN
ℓ
(R6) + ‖g‖BN−1ℓ (R6)||g||BNℓ (R6)
}
.
By induction on β from |β| = 1 to N, the Cauchy-Schwarz inequality implies that
d
dt ‖g‖
2
HN
ℓ
(R6) +
C0
4
||g||2BN
ℓ
(R6) .
{
‖ f ‖HN
ℓ
(R6) ||g||2BN
ℓ
(R6) + ‖g‖2HN
ℓ
(R6) || f ||2BN
ℓ
(R6)
+ ‖g‖2HN
ℓ
(R6) + ‖ f ‖2HN
ℓ
(R6) + ‖g‖2B0
ℓ
(R6)
}
.
On the other hand, taking β = 0, we have
1
2
d
dt ‖g‖
2
L2
ℓ
(R6) +
(
L1
(
Wℓ g
)
, Wℓ g
)
L2(R6)
.
{
‖ f ‖H3
ℓ
(R6) ||g||2B0
ℓ
(R6) + ‖ f ‖B3ℓ (R6) ‖g‖L2ℓ (R6)||g||B0ℓ(R6)
+ ‖g‖2L2
ℓ
(R6) + ‖ f ‖2L2
ℓ
(R6) + ǫ ||g||2B0
ℓ
(R6)
}
,
which together with the coercivity estimate implies that
1
2
d
dt ‖g‖
2
L2
ℓ
(R6) +
C0
4
||g||2B0
ℓ
(R6) .
{
‖ f ‖H3
ℓ
(R6) ||g||2B0
ℓ
(R6)
+ ‖ f ‖2B3
ℓ
(R6) ‖g‖2L2
ℓ
(R6) + ‖g‖2L2
ℓ
(R6) + ‖ f ‖2L2
ℓ
(R6)
}
.
In summary, we have shown that there exists a constant η0 > 0 such that for N ≥ 6, ℓ >
3/2 + 2s + γ,
d
dt ‖g‖
2
HN
ℓ
(R6) + η0||g||2BN
ℓ
(R6) .
{
‖ f ‖HN
ℓ
(R6) ||g||2BN
ℓ
(R6)
+ ‖g‖2HN
ℓ
(R6) || f ||2BN
ℓ
(R6) + ‖g‖2HN
ℓ
(R6) + ‖ f ‖2HN
ℓ
(R6)
}
.
With the above differential inequality, the same argument for the soft potential applies
and it leads to the following theorem.
Theorem 3.5. Let 0 < s < 1, γ+2s > 0, N ≥ 6, ℓ > 3/2+2s+γ. Assume that g0 ∈ HNℓ (R6)
and f ∈ L∞([0, T ]; HN
ℓ
(R6))⋂ L2([0, T ]; BN
ℓ
(R6)). If g ∈ L∞([0, T ]; HN
ℓ
(R6))⋂ L2([0, T ];
BN
ℓ
(R6)) is a solution of the Cauchy problem (3.1), then there exists ǫ0 > 0 such that if
‖ f ‖2L∞ ([0,T ]; HN
ℓ
(R6)) + ‖ f ‖2L2 ([0,T ];BN
ℓ
(R6)) ≤ ǫ20 ,
we have
‖g‖2L∞([0,T ]; HN
ℓ
(R6)) + ||g||2L2([0,T ];BN
ℓ
(R6)) ≤ CeC T
(
‖g0‖2HN
ℓ
(R6) + ǫ
2
0 T
)
,
for a constant C > 0 depending only on N, ℓ .
And this yields the local existence of solution by the contraction mapping theorem
through the standard argument. Therefore, we omit the details for the brevity of the paper.
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4. Global Existence
In this section, we derive a global energy estimate for the solution in the weighted
function spaces. In the soft potential case considered in Part I, we could obtain two types
of global energy estimates, one for only x derivatives without requiring any weight in the
variable v and one for both x and v derivatives with weight in v whose order varies with the
order of v derivative. On the other hand, in the hard potential case, the energy estimate can
be closed only when both x and v derivatives are taken into account together with weight
in v. This is due to the upper bound estimate on the nonlinear collision operator given in
Section 2 where some weighted norms are used. However, the order of weight can be fixed
in contrast to the case of soft potential.
Set
EN,ℓ = ‖g‖2HN
ℓ
(R6) ∼ ‖g1‖2HN
ℓ
(R6) + ‖g2‖2HN
ℓ
(R6) ∼ ‖A‖2HN (R3) + ‖g2‖2HN
ℓ
(R6),
DN,ℓ = ‖∇xg1‖2HN−1(R6) + ‖g2‖2BN
ℓ
(R6) ∼ ‖∇xA‖2HN−1(R3) + ‖g2‖2BN
ℓ
(R6),
where A = (a, b, c) with Pg = g1 = (a + v · b + |v|2c)µ 12 , and g2 = g − Pg.
Let g = g(t, x, v) be a smooth solution to the Cauchy problem (1.3). The main goal of
this section is to establish
Proposition 4.1. (Energy Estimate) Assume 0 < s < 1 and 2s + γ > 0, and let N ≥ 6,
ℓ > 3/2 + 2s + γ. Then,
d
dtEN,ℓ +DN,ℓ . E
1/2
N,ℓDN,ℓ,
holds as long as the solution g exists.
With this proposition, the standard continuity argument and the local existence assure
the global existence of solution when the intial data g0 satisfies that EN,ℓ(0) is sufficiently
small. And the above energy estimate will be obtained by using the coercivity, upper bound
and commutator estimates through the macro-micro decomposition introduced in [13] as
follows.
4.1. Macroscopic energy estimate. As in [13], the macroscopic componentA = (a, b, c)
satisfies
(4.2)

vi|v|2µ1/2 : ∇xc = −∂trc + lc + hc,
v2i µ
1/2 : ∂tc + ∂ibi = −∂tri + li + hi,
viv jµ1/2 : ∂ib j + ∂ jbi = −∂tri j + li j + hi j, i , j,
viµ
1/2 : ∂tbi + ∂ia = −∂trbi + lbi + hbi,
µ1/2 : ∂ta = −∂tra + la + ha,
where
r = (g2, e)L2v , l = −(v · ∇xg2 +Lg2, e)L2v , h = (Γ(g, g), e)L2(R3v ),
stand for rc, · · · , ha, while
e ∈ span{vi|v|2µ1/2, v2i µ1/2, viv jµ1/2, viµ1/2, µ1/2}.
Same as Lemma 7.2 in [5], we have the following property on A.
Lemma 4.2. Let ∂α = ∂αx , α = α1 + α2 ∈ N3, |α| ≤ N, N ≥ 3. Then,
‖(∂α1A)(∂α2A)‖L2x ≤ ‖∇xA‖HN−1x ‖A‖HN−1x .
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The following lemma is similar to Lemma 7.3 in [5] with some modification regarding
to the hard potential assumption. Here, we include its proof for the completeness.
Lemma 4.3. Let ∂α = ∂αx , ∂i = ∂xi , |α| ≤ N − 1, N ≥ 3. Then, one has
‖∂i∂αr ‖L2x + ‖∂αl ‖L2x . ‖g2‖HN (R3x;L2(R3v )) ≡ A1,(4.3)
‖∂αh‖L2x . ‖∇xA‖HN−2x ‖A‖HN−1x + ‖A‖HNx ‖g2‖BN0 (R6)(4.4)
+ ‖g2‖HN
s+γ/2(R6)‖g2‖BN0 (R6) ≡ A2.
Proof. By the Cauchy-Schwarz inequality,
‖∂i∂αr ‖L2(R3x) = ‖(∂α∇xg2, e)L2(R3v )‖L2(R3x) ≤ ‖∂α∇xg2‖L2(R6) ≤ ‖g2‖HN (R3x , L2(R3v )),
and
‖∂αl ‖L2x ≤ ‖(∇x∂αg2, ve)L2(R3v )‖L2 (R3x) + ‖(∂αg2,L∗e)L2(R3v )‖L2(R3x)
≤ ‖∂α∇xg2‖L2 (R6) + ‖∂αg2‖L2(R6) ≤ ‖g2‖HN (R3x , L2(R3v )).
Then (4.3) follows because HN
γ/2+s(R6) ⊂ BN0 (R6) holds by virtue of Proposition 2.2. We
shall prove (4.4) as follows. By Proposition 2.3,
|∂αxh| ≤
∑
α1+α2=α
|(Γ(∂α1x g, ∂α2x g), e)L2v | .
∑
α1+α2=α
||∂α1x g||L2
s+γ/2
||| ∂α2x g||| |||e|||
.
∑
α1+α2=α
(|∂α1x A| + ||∂α1x g2||L2
s+γ/2
)(|∂α2x A| + |||∂α2x g2|||).
Hence
‖∂αx h‖L2x . ‖ |∂α1x A|2 |∂α1x A| ‖L2x + H,
where
H = ‖ |∂α1x A| |||∂α2x g2||| ‖L2x + ‖ ||∂α1x g2||L2s+γ/2 |∂
α2A| ‖L2x
+ ‖ ||∂α1x g2||L2
s+γ/2
|||∂α2x g2||| ‖L2x .
The first term on the right hand of the above inequality can be evaluated by using Lemma
4.2. As for H, when |α1| = 0, 1, by using Proposition 2.2, we have
H . ‖∂α1x A‖H2‖g2‖BN0 (R6) + ‖∂
α1
x g2‖H2
s+γ/2(R6)‖A‖HNx + ‖∂
α1
x g2‖H2
s+γ/2(R6)‖g2‖BN0 (R6)
. ‖A‖HNx ‖g2‖BN0 (R6) + ‖g2‖HNs+γ/2(R6)‖g2‖BN0 (R6).
Similarly, when 2 ≤ |α1| ≤ N, we have
H . ‖∂α1x A‖L2 ‖∂α2x g2‖H2(R3;B00(R3) + ‖∂
α1
x g2‖H0
s+γ/2(R6)(‖A‖HNx + ‖g2‖BN0 (R6))
. ‖A‖HNx ‖g2‖BN0 (R6) + ‖g2‖HNs+γ/2(R6)‖g2‖BN0 (R6).
Thus, the proof of the lemma is completed. 
The following lemma about the energy estimate on the macroscopic component which
is also similar to the corresponding one in [5] for the Maxwellian molecule.
Lemma 4.4. For |α| ≤ N − 1, we have
‖∇x∂αA‖2L2(R3x) . −
d
dt
{
(∂αr,∇x∂α(a,−b, c))L2(R3x) + (∂αb,∇x∂αa)L2(R3x)
}
(4.5)
+ ‖g2‖2HN (R3x;L2(R3v )) + EN,1DN,0,
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where
EN,ℓ = ‖A‖2HN (R3) + ‖g2‖2HN (R3x;L2l (R3v )), DN,ℓ = ‖∇xA‖
2
HN−1(R3) +
∑
|α|≤N
‖∂αx g2‖B0
ℓ
(R6).
Proof. (a) Estimate on ∇x∂αa. Let A1, A2 be those defined in Lemma 4.3. From (4.2) (iv),
‖∇x∂αa‖2L2(R3x) = (∇x∂
αa,∇x∂αa)L2(R3x)
= (∂α(−∂tb − ∂tr + l + h),∇x∂αa)L2(R3x)
≤ R1 +Cη(A21 + A22) + η‖∇x∂αa‖2L2(R3x).
Here,
R1 = −(∂α∂tb + ∂α∂tr,∇x∂αa)L2(R3x)
= − ddt (∂
α(b + r),∇x∂αa)L2(R3x) + (∇x∂α(b + r), ∂t∂αa)L2(R3x)
≤ − ddt (∂
α(b + r),∇x∂αa)L2(R3x) +Cη(‖∇x∂αb‖2L2(R3x) + A
2
1) + η‖∂t∂αa‖2L2(R3x).
(b) Estimate on ∇x∂αb. From (4.2) (iii) and (ii),
∆x∂
αbi + ∂2i ∂αbi =
∑
j,i
∂ j∂α(∂ jbi + ∂ib j) + ∂i∂α(2∂ibi −
∑
j,i
∂ib j)
= ∂i∂
α(−∂tr + l + h),
‖∇x∂αb‖2L2(R3x) + ‖∂i∂
αb‖2L2(R3x) = −(∆x∂
αbi + ∂2i ∂αbi, ∂αb)L2(R3x) = R2 + R3 + R4,
where
R2 = (∂t∂αr, ∂i∂αb)L2(R3x) =
d
dt (∂
αr, ∂i∂
αb)L2(R3x) + (∂i∂αr, ∂t∂αb)L2(R3x)
≤ ddt (∂
αr, ∂i∂
αb)L2(R3x) + CηA21 + η‖∂t∂αb‖2L2(R3x),
R3 = −(∂αl, ∂i∂αb)L2(R3x) ≤ CηA21 + η‖∂i∂αb‖2L2(R3x),
R4 = −(∂αh, ∂i∂αb)L2(R3x) ≤ CηA22 + η‖∂i∂αb‖2L2(R3x).
(c) Estimate on ∇x∂αc. From (4.2) (i),
‖∇x∂αc‖2L2(R3x) = (∇x∂
αc,∇x∂αc)L2(R3x) = (∂α(−∂tr + l + h),∇x∂αc)L2(R3x)
≤ R5 +Cη(A21 + A22) + η‖∇x∂αc‖2L2(R3x),
where
R5 = −(∂α∂tr,∇x∂αc)L2(R3x) = −
d
dt (∂
αr,∇x∂αc)L2(R3x) + (∇x∂αr, ∂t∂αc)L2(R3x)
≤ − ddt (∂
αr,∇x∂αc)L2(R3x) +CηA21 + η‖∂t∂αc‖2L2(R3x).
(d) Estimate on ∂t∂αA. We directly have
‖∂t∂αA‖L2(R3x) = ‖∂α∂tPg‖L2(R6x,v)
= ‖∂αP
(
− v · ∇xg − Lg + Γ(g, g)
)
‖L2(R6x,v)
= ‖∂αP(v · ∇xg)‖L2(R6x,v) ≤ ‖∇x∂αA‖L2 (R3x) + ‖∇x∂αg2‖L2(R6x,v).
12 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG
Combining all the above estimates and taking η > 0 sufficiently small, we deduce
‖∇x∂αA‖2L2(R3x) . −
d
dt
{
(∂αr,∇x∂α(a,−b, c))L2(R3x) + (∂αb,∇x∂αa)L2(R3x)
}
+ A21 + A
2
2 + ‖∇x∂αg2‖2L2(R6x,v).
Finally, by choosing |α| ≤ N − 1 and using Lemma 4.3, we obtain
A21 + A
2
2 + ‖∇x∂αg2‖2L2(R6x,v) . ‖g2‖
2
HN (R3x;L2(R3v )) + EN,1DN,0,
which completes the proof of the lemma. 
4.2. Microscopic energy. The energy estimate on the microscopic component will be
given in two parts, that is, one without weight and another one with weight as follows.
Microscopic energy estimate without weight. In this subsection, we shall prove the fol-
lowing estimate with only x-derivatives of the solution.
Lemma 4.5. Let N ≥ 3. Then,
(4.6) ddt EN,0 + DN,0 . E
1/2
N,s+γ/2DN,0.
Notice that this is not a closed estimate because of the presence of EN,s+γ/2 on the right
hand side. Since s + γ/2 > 0, this is exactly why we can not prove global existence with
only differentiation in x variable.
For the proof, let α ∈ N3, |α| ≤ N, and apply ∂α = ∂αx to (1.3) to have,
∂t(∂αg) + v · ∇x(∂αg) +L(∂αg) = ∂αΓ(g, g).
Then take the L2(R6x,v) inner product of the above equation with ∂αg. By Proposition 2.1,
we have
(4.7) ddt ‖∂
αg‖2L2(R6x,v) + |||∂
αg2|||2B00(R6) . Jα,
where
Jα = (∂αΓ(g, g), ∂αg)L2(R6) =
2∑
i, j=1
(∂αΓ(gi, g j), ∂αg2)L2(R6)
=
2∑
i, j=1
J(i j).
Remember that we are dealing with the case when 0 < s < 1, γ + 2s > 0. Firstly,
consider J(11). For ψ j ∈ N ,
|J(11)| .
∫
R3
|∂αA2| |(Γ(ψ j, ψk), ∂αg2)L2(R3)|dx.
According to Theorem 1.2 of [7], we have,
|(Γ(ψ j, ψk), ∂αg2)L2(R3v )| .
(
‖ψ j‖L2
s+γ/2
|||ψk||| + ‖ψk‖L2
s+γ/2
|||ψ j|||
)
|||∂αg2|||
. |||∂αg2|||,
and hence
|J(11)| . ‖∂αA2‖L2(R3)||∂αg2||B00(R6) . ‖∇A‖HN−1x (R3)‖A‖HN−1x (R3)||∂
αg2||B00(R6)
. E1/2N,0DN,0.
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On the other hand,
J(12) ∼
∫
R
3
x
(∂α1x A)(Γ(ψk, ∂α2x g2), ∂αxg2)L2(R3v )dx.
In view of Theorem 1.2 of [7], we obtain
|(Γ(ψk,∂α2x g2), ∂αxg2)L2(R3v )| .
{
‖ψk‖L2
s+γ/2
|||∂α2x g2||| + ‖∂α2x g2‖L2
s+γ/2
|||ψk|||
+ min
(‖ψk‖L2‖∂α2x g2‖L2
s+γ/2
, ‖ψk‖L2
s+γ/2
‖∂α2x g2‖L2
)}|||∂αxg2|||
.
(
|||∂α2x g2||| + ‖∂α2x g2‖L2
s+γ/2
)
|||∂αxg2|||
. |||∂α2x g2||| |||∂αxg2|||.
Here and hereafter, we will use freely that
‖g‖L2 . ‖g‖L2
s+γ/2
. |||g|||.
The first inequality above holds since we assume s + γ/2 > 0 and the second one follows
from Theorem 1.2 of [7]. By using Proposition 2.3,
|J(12)| .
∫
R
3
x
‖∂α1x A| |||∂α2x g2||| |||∂αxg2|||dx . E1/2N,0DN,0.
A similar argument applies to
J(21) ∼
∫
R
3
x
(∂α2x A)(Γ(∂α1x g2, ϕk), ∂αxg2)L2(R3v )dx.
In fact, Theorem 1.2 of [7] gives,∣∣∣∣(Γ(∂α1x g2, ϕk), ∂αxg2)L2(R3v )
∣∣∣∣ . (‖∂α1x g2‖L2
s+γ/2
|||ψk||| + ‖ψk‖L2
s+γ/2
|||∂α1x g2|||
+min
(‖∂α1x g2‖L2 ‖ψk‖L2
s+γ/2
, ‖∂α1x g2‖L2
s+γ/2
‖ψk‖L2
))|||∂αxg2|||
. (‖∂α1x g2‖L2
s+γ/2
+ |||∂α1x g2|||)|||∂αxg2|||
. |||∂α1x g2||| |||∂αxg2|||.
Therefore, similar to J(12), we have
|J(21)| . E1/2N,0DN,0.
For the estimation on J(22), from Theorem 1.2 of [7] again, we have
|(Γ(∂α1x g2,∂α2x g2), ∂αxg2)L2(R3)| .
{
‖∂α1x g2‖L2
s+γ/2
|||∂α2x g2||| + |||∂α1x g2||| ‖∂α2x g2‖L2
s+γ/2
+min (‖∂α1x g2‖L2 ‖∂α2x g2‖L2
s+γ/2
, ‖∂α1x g2‖L2
s+γ/2
‖∂α2x g2‖L2
)} |||∂αxg2|||
.
(
‖∂α1x g2‖L2
s+γ/2
|||∂α2x g2||| + |||∂α1x g2||| ‖∂α2x g2‖L2
s+γ/2
)
|||∂αxg2|||.
Firstly, suppose that |α1| ≤ N − 2. Then
|J(22)| = |(Γ(∂α1x g2, ∂α2x g2), ∂αxg2)L2(R6)|
. ‖∂α1x g2‖L∞x (L2s+γ/2)
∫
R3
|||∂α2x g2||| |||∂αxg2|||dx + ‖ |||∂α1x g2||| ‖L∞x
∫
R3
||∂α2x g2||L2
s+γ/2
|||∂αxg2|||dx
. E1/2N,s+γ/2DN,0.
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Similary, when |α1| > N − 2, we have |α2| ≤ 1 so that
|J(22)| . ‖∂α2x g2‖L∞x (L2s+γ/2)
∫
R3
|||∂α1x g2||| |||∂αxg2|||dx + ‖ |||∂α2x g2||| ‖L∞x
∫
R3
||∂α1x g2||L2
s+γ/2
|||∂αxg2|||dx
. E1/2N,s+γ/2DN,0.
Taking the summation of (4.7) over |α| ≤ N, N ≥ 3 gives (4.6).
Microscopic energy estimate with weight. In order to close the estimate (4.6), we need
the estimates of x-v derivatives of the solution with weight. Firstly, let ∂α
β
= ∂αx∂
β
v , |α+ β| ≤
N, N ≥ 6, and apply Wℓ∂αβ (I − P) to (1.3). We have
∂t(Wℓ∂αβg2) + v · ∇x(Wℓ∂αβg2) +L1(Wℓ∂αβg2) =Mα,β,
where, with ei ∈ Nn, |ei| = 1,
Mα,β = Wℓ∂αβΓ(g, g) +Wℓ∂αβ [P, v · ∇x]g −
N∑
i=1
∂xi(Wℓ∂αβ−eig2) − [Wℓ∂αβ ,L1]g2 − Wℓ∂αβL2g2
=M1 +M2 +M3 +M4 +M5.
Take the L2(R6x,v) inner product of this equation with Wℓ∂αβg2 to deduce
(4.8) ddt ‖Wℓ∂
α
βg2‖2L2(R6) + D . M,
where D is the dissipation rate given by
D =
∫
R3
|||(I − P)Wℓ∂αβg2|||2dx ≥ ||Wℓ∂αβg2||B00(R3) − C||g2||
2
HN0 (R6)
.
Here, we have used
|||PWℓ∂αβg2||| . ||∂αg2||L2v .
And M is defined by
M =
5∑
j=1
(M j,Wℓ∂αβg2)L2(R6) =
5∑
j=1
M j.
Firstly, note that from Propositions 2.3 and 2.5, we have
|(WℓΓ(∂β1 f , ∂β2g), h)L2(R3)| .
(
‖Ws+γ/2∂β1 f ‖L2 (R3)|||Wℓ∂β2g|||(4.9)
+ ||Ws+γ/2∂β2g||L2(R3) |||Wℓ∂β1 f |||
)
|||h|||.
Write
M1 =
∑
i, j=1,2
(Wℓ∂αβΓ(gi, g j),Wℓ∂αβg2)L2(R6) =
∑
i, j=1,2
M1i j.
We have
M111 = (Wℓ∂αβΓ(g1, g1),Wℓ∂αβg2)L2(R6)
∼
∫
R3
(∂α1A)(∂α2A)(Wℓ∂βΓ(ψ j, ψk),Wℓ∂αβg2)L2(R3)dx.
Recall that by Leibnitz formula, the differentiation on Γ involves the nonlinear operators Γ
and T . Since these two operators share the same upper bound and commutator properties,
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for brevity, we only consider the nonlinear operator Γ. By using (4.9), since ψ is a function
with an exponential decay factor, we obtain for |β1| + |β2| ≤ |β|,
||(WℓΓ(∂β1ψ j, ∂β2ψk),Wℓ∂αβg2)L2(R3)| . |||Wℓ∂αβg2|||.
Therefore,
M111 ∼
∫
R3
(∂α1A)(∂α2A)|||Wℓ∂αβg2|||dx
. ‖∇xA‖HN−1(R3)‖A‖HN (R3)‖g2‖BN
ℓ
(R6).
Now consider
M112 = (Wℓ∂αβΓ(g1, g2),Wℓ∂αβg2)L2(R6)
∼
∫
R3
(∂α1A)(Wℓ∂βΓ(ψ j, ∂α2g2),Wℓ∂αβg2)L2(R3)dx.
By (4.9),
|(WℓΓ(∂β1ψ j, ∂α2β2 g2),Wℓ∂αβg2)L2(R3)|
.
(
‖Ws+γ/2∂β1ψ j‖L2(R3)|||Wℓ∂α2β2 g2||| + ||Ws+γ/2∂
α2
β2
g2||L2(R3) |||Wℓ∂β1ψ j|||
)
|||Wℓ∂αβg2|||
. |||Wℓ∂α2β2 g2||| |||Wℓ∂
α
βg2|||,
where we have used
||Ws+γ/2∂α2β2 g2||L2(R3) . |||Wℓ∂
α2
β2
g2|||.
Thus,
M112 . ‖A‖HN (R3)‖g2‖2BN
ℓ
.
Next, notice that
M121 = (Wℓ∂αβΓ(g2, g1),Wℓ∂αβg2)L2(R6)
∼
∫
R3
(∂α2A)(Wℓ∂βΓ(∂α1 g2, ψ j),Wℓ∂αβg2)L2(R3)dx.
As above, (4.9) yields
|(WℓΓ(∂α1β1 g2, ∂β2ψ j),Wℓ∂
α
βg2)L2(R3)|
.
(
‖Ws+γ/2∂α1β1 g2‖L2(R3)|||Wℓ∂β2ψ j||| + ||Ws+γ/2∂β2ψ j||L2(R3) |||Wℓ∂
α1
β1
g2|||
)
|||Wℓ∂αβg2|||
.
(
‖Ws+γ/2∂α1β1 g2‖L2(R3) + |||Wℓ∂
α1
β1
g2|||
)
|||Wℓ∂αβg2|||
. |||Wℓ∂α1β1 g2||| |||Wℓ∂
α
βg2|||,
where we have used ‖Ws+γ/2g‖L2(R3) . |||Wℓg|||. Consequently,
M121 . ‖A‖HN (R3)‖g2‖2BN
ℓ
(R6).
It remains to evaluate
M122 = (Wℓ∂αβΓ(g2, g2),Wℓ∂αβg2)L2(R6).
For this, we can apply Proposition 3.2 to have
M122 . ‖g2‖HN
ℓ
(R6)||g2||2BN
ℓ
(R6).
In conclusion, we have proved
M1 . E1/2N,ℓDN,ℓ.
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By using integration by parts and taking into account that s + γ/2 > 0, we get
M2 . |(Wℓ∂αβ [P, v · ∇x]g,Wℓ∂αβg2)L2(R6)|
. (‖∂α∇xA‖L2(R3) + ‖∂α∇xg2‖L2(R6))‖∂αg2‖L2(R6)
. δ0‖∇A‖2HN−1(R3) +Cδ0‖g2‖2HN (R3x ,L2(R3v )),
where δ0 > 0 is a small constant.
Similarly, For 1 ≤ |β| ≤ N,
M3 . ‖Wℓ∂α+1β−1g2‖L2(R6) ‖Wℓ∂αβg2‖L2(R6) ≤ Cδ‖∂α+1β−1 g2‖2B0
ℓ
(R6) + δ‖g2‖2BN
ℓ
(R6),
where δ > 0 is another small constant.
The main ingredients of the estimation on M4 are the commutator estimates I and II
which are defined in the proof of Proposition 4.8 in [7]. Note that they are valid in general
for γ > −3 so that the estimates there can be used here. That is,
|I| = |([Wℓ,L1]g,Wℓg)L2(R3)| . ‖Wℓg‖2L2
γ/2(R3)
.
|II| = |(Wℓ[∂β,L1]g,Wℓ∂βg)L2(R3)
.
∑
β1+β2+β3=β, β2,0
|(WℓT (∂β1µ1/2, ∂β2g, ∂β3µ1/2),Wℓ∂βg)L2(R3)|
.
( ∑
β1+β2=β, β2,0
|||Wℓ∂β1g|||Φγ
)
|||Wℓ∂βg|||Φγ .
With this, later we also need the following interpolation inequality
‖Wℓ∂βh‖L2
γ/2
. Cδ‖∂βh‖L2
s+γ/2
+ δ‖Wℓ∂βh‖L2
s+γ/2
. Cδ‖|∂βh‖|Φγ + δ|||Wℓ∂βh|||Φγ .
For the term M4, using Proposition 3.4
M4 ≤ |([Wℓ∂αβ ,L1]g2,Wℓ∂αβg2)L2(R6)|
.
(
‖g2‖H |α|+|β|
ℓ
+
∑
|α′ |=|α|,|β′|=|β|−1
‖∂α′β′ g2‖B0ℓ (R3)
)
‖g2‖B|α|+|β|
ℓ
Finally, in view of Proposition 3.3, we have
M5 = |(Wℓ∂αβL2g2,Wℓ∂αβg2)L2(R6)| ≤ |(∂αβL2g2,W2ℓ∂αβg2)L2(R6)|
≤ C‖g2‖H |α|+|β|(R6)‖µ1/10
3
W2ℓ∂αβg2‖L2(R6) . ‖g2‖2H |α|+|β|(R6).
Now interpolation inequality
‖g2‖H |α|+|β|
ℓ
+ ‖g2‖H |α|+|β|(R6) ≤ δ‖g2‖B|α|+|β|
ℓ
+Cδ
∑
|α′ |=|α|+1,|β′|=|β|−1
‖∂α′β′ g2‖B0ℓ .
Plugging all these estimates to (4.8) and fix the small constant δ with respect to the
coefficient in front of the dissipation rate, we have for |β| , 0,
d
dt ‖Wℓ∂
α
βg2‖2L2(R6) + ||Wℓ∂αβg2||B00
. ‖g2‖2HN (R3x ,L2(R3v )) + E
1/2
N,ℓDN,ℓ
+ δ0‖∇xA‖2HN−1(R3) +
∑
|α′ |=|α|+1,|β′|=|β|−1
‖∂α′β′ g2‖2B0
ℓ
.
By induction on |β| and |α| + |β|, we have
d
dtEN,ℓ +DN,ℓ . ‖g2‖
2
HN (R3x ,L2(R3v )) + δ0‖∇xA‖
2
HN−1(R3) + E1/2N,ℓDN,ℓ.(4.10)
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Taking a suitable linear combination of the estimates (4.5), (4.6), and (4.10), we then
conclude Proposition 4.1. And this completes the energy estimate on the solution so that
the global existence follows in the standard way for small perturbation.
Acknowledgements: The research of the first author was supported in part by Zhiyuan
foundation and Shanghai Jiao Tong University. The research of the second author was
supported by Grant-in-Aid for Scientific Research No.22540187, Japan Society of the Pro-
motion of Science. The last author’s research was supported by the General Research Fund
of Hong Kong, CityU No.103109, and the Lou Jia Shan Scholarship programme of Wuhan
University. The authors would like to thank the financial supports from City University of
Hong Kong, Kyoto University, Rouen University and Wuhan University for their visits.
References
[1] R. Alexandre, A review of Boltzmann equation with singular kernels. Kinetic and related models, 2-4 (2009)
551–646.
[2] R. Alexandre, L. Desvillettes, C. Villani and B. Wennberg, Entropy dissipation and long-range interactions,
Arch. Rational Mech. Anal., 152 (2000) 327-355.
[3] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Uncertainty principle and kinetic equations, J.
Funct. Anal., 255 (2008) 2013-2066.
[4] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Regularizing effect and local existence for
non-cutoff Boltzmann equation, Arch. Rational Mech. Anal., 198 (2010), 39-123.
[5] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Global existence and full regularity of the
Boltzmann equation without angular cutoff, to appear in Comm. Math. Phys .
[6] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Global well-posedness theory for the spatially
inhomogeneous Boltzmann equation without angular cutoff, C. R. Math. Acad. Sci. Paris, Ser. I, 348 (2010)
867-871.
[7] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Boltzmann equation without angular cutoff in
the whole space: I, global existence for soft potential, to appear in J. Funct. Anal.
[8] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Qualitative properties of solutions to the Boltz-
mann equation without angular cutoff, preprint.
[9] C. Cercignani, The Boltzmann equation and its applications, Applied mathematical sciences, 67, Springer-
Verlag, 1988.
[10] R. J. DiPerna and P. L. Lions, On the Cauchy problem for Boltzmann equations: global existence and weak
stability. Ann. Math., 130 (1989), 321-366.
[11] H. Grad, Asymptotic Theory of the Boltzmann Equation II, Rarefied Gas Dynamics, J. A. Laurmann, Ed.
Vol. 1, Academic Press, New York, 1963, 26–59.
[12] Y. Guo, The Landau equation in a periodic box. Comm. Math. Phys., 231 (2002) 391–434.
[13] Y. Guo, The Boltzmann equation in the whole space. Indiana Univ. Maths. J., 53-4 (2004) 1081–1094.
[14] P.-T. Gressman, R.-M. Strain, Global classical solutions of the Boltzmann equation with long-range inter-
actions. Proc. Nat. Acad. Sci., 107 (2010) 5744–5749.
[15] P.-T. Gressman, R.-M. Strain, Global strong solutions of the Boltzmann equation without angular cut-off.
Preprint arXiv:0912.0888v1.pdf
[16] C. Mouhot and R.M. Strain, Spectral gap and coercivity estimates for linearized Boltzmann collision oper-
ators without angular cutoff, J. Math. Pures Appl. (9) 87 (2007), no. 5, 515–535.
[17] Y. P. Pao, Boltzmann collision operator with inverse power intermolecular potential, I, II. Commun. Pure
Appl. Math., 27 (1974), 407–428, 559–581.
[18] S. Ukai, Solutions of the Boltzmann equation, Pattern and Waves – Qualitative Analysis of Nonlinear Differ-
ential Equations (eds. M.Mimura and T.Nishida), Studies of Mathematics and Its Applications 18, pp37-96,
Kinokuniya-North-Holland, Tokyo, 1986.
[19] C. Villani, A review of mathematical topics in collisional kinetic theory. Handbook of Fluid Mechanics. Ed.
S. Friedlander, D.Serre, 2002.
18 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG
R. Alexandre, IRENAV Research Institute, French Naval Academy Brest-Lanve´oc 29290, France
and
Department ofMathematics, Shanghai Jiao Tong University
Shanghai, 200240, P. R. China
E-mail address: radjesvarane.alexandre@ecole-navale.fr
Y. Morimoto, Graduate School of Human and Environmental Studies, Kyoto University
Kyoto, 606-8501, Japan
E-mail address: morimoto@math.h.kyoto-u.ac.jp
S. Ukai, 17-26 Iwasaki-cho, Hodogaya-ku, Yokohama 240-0015, Japan
E-mail address: ukai@kurims.kyoto-u.ac.jp
C.-J. Xu, School ofMathematics and statistics, Wuhan University, 430072 Wuhan, P. R. China
and
Universite´ de Rouen, UMR 6085-CNRS, Mathe´matiques
Avenue de l’Universite´, BP.12, 76801 Saint Etienne du Rouvray, France
E-mail address: Chao-Jiang.Xu@univ-rouen.fr
T. Yang, Department of mathematics, City University of Hong Kong, Hong Kong, P. R. China
and
School ofMathematics, Wuhan University 430072, Wuhan, P. R. China
E-mail address: matyang@cityu.edu.hk
